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T p = propellant temperature k p = thermal conductivity of the propellant h = convective heat transfer coefficient n = time index during time integration e = cell index Ω e = cell length γ = the ratio of specific heats of a gas
I. INTRODUCTION
HYBRID rocket motors (HRM) are alternative propulsion systems for future aerospace vehicles. The HRMs use a two-phase propellant system. There are two main types of hybrid motors suitable for use in aerospace propulsion systems: the "classic" and the "gasgenerator" type HRMs. In the classic HRM the liquid oxidizer is injected into an inert solid fuel grain port. In the gas-generator type hybrid motor a solid propellant is used as the source of a fuel gas in the gas-generator and then this gas is injected into the main combustion chamber together with the oxidizer to complete the chemical reaction. This study deals with the classic type HRM only.
Hybrids have the advantage of using half the plumbing when compared with a liquid rocket motor since pipes are needed only for the oxidizer installation. At the same time the safety in operation of a hybrid is higher than that of a solid rocket motor since a hybrid can be shut down by controlling the oxidizer inflow [4] . It can be said that a hybrid rocket motor has the simplicity of a solid rocket motor while having the performance of a liquid rocket motor. However, because a hybrid has a solid fuel and a liquid oxidizer, one of the main research problems of hybrids is the combustion efficiency.
Due to the nature of interaction between the oxidizer and the solid fuel, the combustion in a hybrid rocket motor is highly dependent on the degree of interaction between the oxidizer and the surface of the solid fuel [4] .
The use of an oxidizer and a solid fuel offers some remarkable advantages [7] but also arises some difficulties like the neutralization of their instabilities [8] . The non-acoustic combustion instabilities are high-amplitude pressure oscillations that have frequencies too low to be associated with acoustics. Their mechanism resides in the pressure sensitivity of the combustion process, the coupling between the motor and the oxidizer feed system, the vortex shedding in the aft mixing chamber, and so on [11] . Acoustic type combustion instabilities are self-excited oscillations generated by the interaction between acoustic waves and combustion. Unsteady heat release generates acoustic waves that propagate within the combustor. If they reflect from the solid boundaries they arrive back at the combustion zone, where they cause more unsteady heat release and thus this feedback can result in large selfexcited oscillations. Much of the research in the field of hybrid propulsion is directed toward a clear understanding of the combustion instability phenomenon. The turbulence complicates any analysis because of its interaction with the mean and acoustic flow fields and further with the burning propellant surface and flame region. Each propellant combination has its unique regression rate formula due to the differences in the thermo physical and thermo chemical properties of the components of the propellant and thus such a model includes some key operational parameters that are known and used by engineers in the design process. Hence, a study of the mutual coupling between the flow and propellant combustion dynamics is essential [9] .
In the present work we develop a simplified model of the coupling of the hybrid combustion process with the complete unsteady flow, starting from the injector assembly and ending with the nozzle. This is done by coupling to a simplified inviscid flow model the fuel regression rate law and the local equation for the heat transfer in the propellant. The physical model and its mathematical description are presented in section II. The numerical scheme is described in section III. Test results and their discussion follows in section IV. The conclusions are formulated in section V.
II. GOVERNING EQUATIONS
The accurate simulation of the HRM burning depends on the understanding, modeling and coupling of the particular physical processes that take place. The objective of this chapter is to build up a physical model based on a rational approach and to formulate the corresponding mathematical model.
A. The Physical Model
The generic model [12] of a HRM is showed in Fig. 1 . In order to keep the structure simple, typical hybrid rocket motors are feed with oxidizer using the self-pressurization of the oxidizer in the oxidizer tank. Hence the oxidizer is stored under pressure in the oxidizer tank. From there, it is injected through a control valve which controls the mass-flow of the oxidizer into an injector placed in the head of the combustion chamber. The oxidizer is injected through the injector and self-vaporization occurs immediately after it exits into the combustion chamber. In the combustion chamber the oxidizer enters the combustion port and starts to interact with the fuel grain. The combustion of the oxidizer with the fuel grain occurs mostly along the length of the combustion port. The fuel grain surfaces regresses radial while the burning gases exit the motor longitudinally through the combustion port.
Thus, the thickness of the fuel grain gives the burning time available for a given HRM while the length of the fuel-grain gives the amount of thrust available for a given hybrid rocket motor.
More mixing and burning completion occurs in the post-combustion chamber. The dimension of the post-combustion chamber is important because its volume is directly related with the residence times of the combustion gases in the hybrid rocket motor. Following the mixture and burning completion in the post-combustion chamber, the combustion products are ejected through the nozzle into the surrounding environment. One of the main problems of HRM is the relatively inefficient combustion process within the combustion chamber. Exhausting non-interacted oxidizer reduces the overall performance of the hybrid and this, obviously, is not desired. This is the reason why most of the hybrids are longer than the equivalent solid rocket motor. In this way one tries to keep the oxidizer within the combustion chamber as long as possible in order to give maximum chance for the combustion process to occur.
Based on the functional mechanism of the HRM described previously, we adopt a number of assumptions related to the modeling of the physical phenomena. First, the flow through the HRM combustion port is unsteady, compressible and in an averaged sense, essentially one-dimensional.
Fig. 2. Burning front evolution
The burning surface of the propellant supplies continuously the gases flowing through the channel with combustion products. We assume that there is permanent mixing of the preexisting gases with the burned gases, so that at each cross-section the kinematic and thermodynamic flow parameters are homogeneous. These flow parameters are supposed to vary continuously and smoothly along the channel. We assume that the mass, momentum and total energy conservation laws can be applied to describe the flow. Second, the viscosity is neglected and its dissipative effects can be eventually taken into account through source terms introduced in momentum and energy equations.
Third, the heat exchange is dominated by the convection. In a cross-section the combustion products originating from the burning area have a temperature completely determined by the thermo chemistry of the combustion. The mixing of the flowing gases with the combustion products is assumed to be instantaneous and thus in the flow equations only the mixture density and temperature are used. The instantaneous pressure is also constant on the cross section. Regarding the velocity, the assumption about the onedimensionality of the flow leads to the use of only the axial velocity explicitly in the model.
The geometry of the computational domain adopted in this work consists in the combustion port, the post-combustion chamber and the nozzle. Their geometry is given at the beginning of the computations. The left boundary is between the pre-combustion chamber and the combustion port and here are imposed the entrance boundary conditions. The outlet boundary coincides with the nozzle exit. In order to separate the interior from outside a fictitious membrane is positioned at the outlet boundary.
In the present work the ignition phase is not taken into account. The transient computations start when the ignition phase is completed and the oxidizer is discharged through the injector into the combustion chamber. At the end of the ignition and beginning of the feeding with oxidizer the initial density, pressure and temperature conditions in the combustion chamber, combustion port and post-combustion chamber are uniform. They correspond to the thermodynamic state able to start the burning of the mixture. The injection valve opens progressively up to the main stage level and the pressure rises suddenly. At the initial moment the membrane from the nozzle throat is broken and the flow through the HRM begins. During the transient and due to the fuel grain consumption the geometry of the combustion port changes with time, see Fig.2 .
The post-combustion chamber and nozzle cross-section maintain their initial geometry. The sudden changes in the cross-section area along the channel are smoothed through the interpolation included in the numerical solution. Their role in vortices production is not taken into account in our model.
B. Governing Equations and Boundary Conditions

The 1-D Flow Model
The first model is for the gas flow through the entire motor, which is considered onedimensional. The gas mixture thermodynamic behavior corresponds to a one-component perfect gas. The governing equations under these assumptions are obtained using a crossaveraging process and are the so-called 1-D Euler equations of gas dynamics with source terms.
The power of this model resides in the source terms added in the right hand side (RHS) of Eq. (1), which in the case of the present work has the form:
The first source term represents the "cold gas" contribution of the cross-section to the flow variables. The second RHS term adds the contribution to the mass, momentum and energy balance of the burning of the propellant at the boundary of the current cross-section. Thus, in the mass conservation equation the normal mass flux due to the burning of the propellant acts as a mass source distributed on the perimeter of the current cross-section:
The third source term represents the effects of the wall friction loses in the momentum balance. The friction coefficient is given by: In (1) is a non-linear hyperbolic system of partial differential equations and is closed by the algebraic state equation for a perfect gas: 
One of the main features of this flow model is the full coupling of the pressure field with those related to the flow motion [14] . This allows the calculation of the propagation of acoustic and other low intensity pressure waves through the flow domain and their interaction with the other physicochemical processes.
The mass source term given by Eq. (3) shows that the gas mixture density is directly updated by Eq. (1), to include the combustion effects on the composition of the mixture.
In the present model the gas constant R is not updated following the changes in the mass fractions of the mixture. In a simpler conservative form the system given by Eq. (1) can be written as:
where the vector of conservative variables and the flux vector are:
The boundary conditions for Eq. (1) are as follows. In the pre-combustion chamber the oxidizer mass flux and density are imposed. At the outlet of the nozzle the unsteady outdoor (atmospheric) pressure is prescribed.
The rate regression model
The second model is for the propellant burning rate. It is known that for solid rocket motors the quasi steady burning rate is dependent on static pressure following the formula n r ap   (9) where the constants and have to be determined experimentally. For a HRM a similar relationship has to include the effect of the mass flux of the propellant: a n   
,
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Typical values of these coefficients are provided in section IV. The propellant burning rate is also the regression rate for the interface between the fluid and the grain fuel. Thus, it determines both the feeding of the flow with combustion products, Eq. (3), and the modification of the combustion port geometry:
The Heat Conduction Model
The last model is for the heat transfer in the fuel grain. Before the ignition of the propellant, the grain surface is heated mainly by convection.
The heat transfer in the longitudinal direction is negligible while the conduction governed heat transfer in the transverse direction (normal to the grain surface) is predominant.
The ignition of the propellant surface at a point begins when at that point the grain attains a critical ignition temperature.
After the ignition, the local surface temperature is the propellant flame temperature T f . The transient heat conduction in the propellant is governed by:
In Eq. (12) the z coordinate measures the distance from the grain surface towards inside. The unknown of the heat transfer problem is the time-dependent propellant temperature .
 
, 0
p T t z 
If there is no flame, then the convective heat flux provided by the flow is one of the boundary conditions:
The second boundary condition is the imposed temperature at the opposite boundary. If the fuel grain burns then the surface temperature is: (14) and the second boundary condition is the imposed temperature at the opposite boundary.
For the heat transfer problem the initial condition is given by the uniform initial distributed temperature at the end of the ignition. The heat transfer by conduction is not a fast process.
Therefore, the heat penetration rate zone into the fuel grain becomes substantially thinner as burning rate increases.
The flame spreading along the fuel grain surface depends on heating and ignition, and this determines the behavior of the HRM during the transient.
The above three models are coupled through the source terms in Eq. (1) and by the inner boundary condition of the heat transfer problem, Eqs. (13, 14) .
III. COMPUTATIONAL METHOD
The solution procedure is based on the standard cell-centered finite volume scheme of Godunov type [13] , coupled with an implicit second-order discretisation in time. At each real time level the solution is obtained by an explicit marching in pseudo-time with a four-stage Runge-Kutta scheme. The main aspects of the solution procedure are presented in the following sections.
The flow domain is divided into cells and the resulting ordinary differential equations which must be solved for the e cell are obtaining by integrating Eq. (7) (16) and the residual   e R U results from Eq. (1) and Eq. (7) (17) The numerical fluxes at cells faces are evaluated using Roe's flux-difference scheme, for both the compressible and incompressible equations. The Roe's solver replaces the exact Riemann solver required in the Godunov method to determine the flow variables at the interface between two finite volumes.
The advantage of the Roe solver is its robustness and easy to implementation. Formally, the normal numerical flux is given by [17] : 
The third term in the right hand side of Eq. (18) represents the numerical dissipation that assures the numerical stability of the scheme.
The second order spatial accuracy is obtained by linearly expanding the cell-centered values to each cell face. In this approach the gradients of the conservative variables are computed by a data-independent least-squares method.
To maintain the monotonic character of the scheme we use slope limiters applied to gradients in the regions where steep gradients and/or shocks are present. The limiters are of minmod type [14] .
Due to the presence of the very strong source terms in the governing equations and in order to avoid the use of very small type steps, an implicit algorithm is used for time advancement. A second-order backward differentiation of the time derivative leads to the algebraic system [18] : 
Following Jameson's idea, a derivative with respect to a fictitious time, is added to Eq. (19) to obtain the following initial value problem:
with and
A convenient low-storage and second-order accurate explicit multi-stage Runge-Kutta scheme [16] is used to solve Eq. (20). However, for small physical time steps, the explicit Runge-Kutta scheme can lead to an unstable behavior. This is somehow counterintuitive but can be explained through the presence of the term in the residual (21), which is treated explicitly in the Runge-Kutta scheme.
This leads to a limitation of the dual time step from stability reasons [18] . In a onedimensional case, it is easy to prove that the upper limit of the time step can be taken following the rules: 
The implicit treatment of the above mentioned term considerably improves the behavior of the dual-time Runge-Kutta scheme and this is the way in which the algorithm is implemented in the code.
The temperature of the propellant in the vicinity of the cell e  is obtained by solving Eq. (12) using the same implicit algorithm.
IV. RESULTS AND DISCUSSION
The numerical simulation of the 1-D compressible flows coupled with the thermal conduction equation inside the solid propellant and the fuel regression rate law allows the calculation of the kinematic and thermodynamic variables throughout the flow field and fuel grain. The burning chamber pressure, temperature and density as functions of time are typical examples.
Further, used as virtual test facility, the code offers also global performances of the HRM like the thrust versus time and the total impulse. In order to validate our code we have chosen the well documented test case of the K-240 (M2) HRM commercialized by RATTWORKS. This motor uses polypropylene and selfpressurized N2O oxidizer. The manufacturer provides the dimensions, configuration and functional parameters and also the thrust curve and specific impulse obtained on a horizontal static test stand.
The computational grid used in the numerical simulation uses 1000 equally spaced cells and a time step of order 0.005sec. t   For each time step the internal dual time solver required 15-20 iterations to reach convergence. However, there were approximate 14% of situations in which after 20 internal iterations the internal iterations did not converge and thus the solution process has been restarted with a half time step. The calculated thrust diagram for the above HRM is presented in Fig. 3 .
The agreement of the calculated and experimentally determined thrust force during the burning time is well. The values of the numerical specific impulse and total impulse are compared with the experimental ones, as is shown in Table 1 . The conclusion of this comparison is that the new computational model is reliable and therefore it can be used for numerical simulations performed for determining the behavior of HRMs or for determining the occurrence of the physical instabilities of HRMs.
Using as a trigger the fluctuation of the outlet pressure, a pressure-linked instability can be induced in the combustion port. Numerically, the instability detector compares the values of the pressure in the center of the post-combustion chamber during the time evolution and an oscillation occurs if:
In Fig. 4 we present such an unstable behavior obtained using the same base-case as in the previous calculations. The fluctuating outlet pressure has a frequency of 2000 Hz and amplitude of 0.01 bars.
By increasing the values of the coefficients n, m, l in Eq. (10) the pressure in the center of the post-combustion chamber became unstable from the beginning of the calculations and a low-frequency oscillations occurred.
Fig. 4 Predicted unsteady pressure-time in unstable combustion
The initial frequency was about 51.2 Hz and increased up to 54 HZ. However, more important is the increase of the average pressure per oscillation cycle and this was almost exponentially.
This type of instability appears to be non-linear and thus cannot be predicted by linear analysis.
V. CONCLUSION
In the present work we have developed a simplified model of the coupling of the hybrid combustion process with the complete unsteady flow, starting from the injector assembly and ending with the nozzle. This is done by coupling the fuel regression rate law and the local equation for the heat transfer in the propellant to the one-dimensional Euler equations of gasdynamics with source terms.
Even they appear to be simple, these non-homogeneous equations include the most geometrical and physicochemical effects, modeled by source-like terms. The flow equations, the thermal conduction equation inside the solid propellant and the fuel regression rate law are solved in a coupled manner. The platform for the flow field simulations is a high order cell-centred finite volume method combined with an implicit time evolution based on a dualtime approach.
The numerical results obtained with this model show a good agreement with published experimental and numerical results. The numerical analysis for the combustion instabilities in the hybrid motor is done in the time domain by examining the behavior of a pressure wave propagating in the combustion chamber. The computational and stability analysis models developed in this work are simple, computationally efficient and offer the advantage of taking into account a large number of functional and constructive parameters that are used by the engineers.
APPENDIX
The RATTWORKS K-240 HRM is characterized by the following constructive dimensions and performances as measured on static firing tests. We also provide bellow thermo physical properties for the fuel and oxidizer used. 
